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A theory of electrical conductivity of non-equivalent
molten salts
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The electrical conductivity of non-equivalent molten salts has been theoretically investigated based on the linear response
theory, which is an extension from the expression for equivalent molten salts as we have developed in the previous papers.
The velocity correlation functions are expressed in terms of pair potentials and pair distribution functions. Using these
functions and Langevin equations for ions, the relations among the conductivity coefficients are obtained. It is shown that the
ratio of partial conductivities s þ/s 2 is equal to jz þjm 2/jz 2jm þ, which is an extensive expression from the inverse mass
ratio in the case of equivalent molten salts. Numerical results for molten CaCl2 and AlF3 are presented, which agree well with
the results of experiments and molecular dynamics simulations.
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1. Introduction

This is a serial work on the theoretical derivation of the

partial conductivities in various type molten salts. In

previous papers, we have carried out the theoretical

treatment for the electrical conductivities of equivalent

molten salts, and their mixtures. Equivalent molten salts

are those whose valences are all of the same magnitude.

The theory has been starting from the generalized

Langevin equation for cation and anion in these systems

and using the Kubo-Green formula with the help of

various velocity correlation functions between a chosen

pair of ions in them [1–3]. From these, one of the obtained

important results is that the ratio of partial conductivities

of cation and anion in a pure equivalent molten salt

s þ/s 2 is always equal to their inverse mass ratio

m 2/m þ. And in the case of pseudo binary molten

[AX]12c[AYlc, this golden rule is converted to

ðmAs
þ
A Þ¼ ðmXs

2
X ÞþðmYs

2
Y Þ [4]. Another interesting result

is that the coefficient of (t 2/2) in the Taylor expansion

form of velocity correlation function is just proportional

to the inverse effective friction constant of the constituent

ions [1–3].

It is interesting to know how the golden rule

sþ=s2 ¼ m2=mþ is modulated in non-equivalent

molten salts and also whether the effective friction

constant acting on the cation is the same or not on

anion. Non-equivalent molten salts are those with

asymmetric charges. A1þ
2 Y22-type or M2þ X12

2 -type

molten salt and M3þ X12
3 -type molten salt are concerned

as the example of non-equivalent ones. Practical molten

salts corresponding to these types are, e.g. A2CO3

(A ¼ Li, Na and K) systems, which are nowadays

applied for the oxygen – hydrogen fuel cell [5],

and MCl2 (M ¼ Mg, Ca), which is useful for an

industrial chemistry extracting metallic Mg and Ca.

Taking account of another industrial applications,

molten AIF3 also seems to be useful for extracting

metallic aluminum.

In the following sections, however, we will start from

the momentum conservation law in obtaining the velocity

correlation functions of arbitrary ion pairs at t ¼ 0 to

obtain the ratio of partial conductivities. The theory of

partial conductivity coefficients will be clarified from the

statistical mechanical approach to make sure its validity

by Langevin equation in the later section.
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2. Velocity correlation functions

We begin the theoretical approach from the momentum

conservation law, which is expressed in the center of mass

system as,

Xnþ
i¼1

pþi ð0Þ ¼ 2
Xn2
k¼1

p2k ð0Þ ð1Þ

where n þ and n 2 are numbers of cation and anion,

respectively. Taking ensemble average of (1), it is

straightforward to obtain the following relation,

nþ pþj ð0Þ·p
þ
i ð0Þ

D E
¼ 2n2 pþj ð0Þ·p

2
k ð0Þ

D E
ð2Þ

then we have,

vþj ð0Þ·v
þ
i ð0Þ

D E
¼ 2ðn2m2=nþmþÞ vþi ð0Þ·v

2
k ð0Þ

� �
ð3Þ

In a similar way,

v2k ð0Þ·v
2
l ð0Þ

� �
¼ 2ðnþmþ=n2m2Þ vþi ð0Þ·v

2
k ð0Þ

� �
ð4Þ

In equations (3) and (4), kvþi ð0Þ·v
2
k ð0Þl is expressed as,

vþi ð0Þ·v
2
k ð0Þ

� �
¼ 23kBT=kml ð5Þ

In (5), kml is the average mass of anion and cation which is

defined as kml ¼ (c þm þ þ c 2m 2). where c þ ¼ n þ/n

and c 2 ¼ n 2/n. Equation (5) is derived by the statistical

mechanical treatment, which we will show as follows.

Hereafter, we omit the time identification (0) in the case

t ¼ 0. According to the equi-partition rule, we knew the

following relation for a classical system,

pþi ·›H=›pþi
� �

¼ 3kBT ð6Þ

We assume that the Hamiltonian H is represented by the

following terms of kinetic energies of cations and anions,

and all of pair-wise potentials between two ions,

H ¼
X
i

pþ2
i =2mþ

� �
þ
X
k

p22
k =2m2

� �

þ
X
i; j

fþþ rþi 2 rþj

��� ���� �

þ
X
i;k

fþ2 rþi 2 r2k
�� ��� �

þ
X
k;l

f22 r2k 2 r2l
�� ��� �

ð7Þ

As seen in (1), the variable pþi is a function of pþj and p2k ,

the derivative of Hamiltonian in respect to pþi is written as

follows,

›H

›pþi
¼
X
j

›H

›pþj

 !
·
›pþj

›pþi

� 	
þ
X
k

›H

›p2k

� 	
·
›p2k
›pþi

� 	
ð8Þ

¼
X
j

pþj

mþ

� 	
·
›pþj

›pþi

� 	
þ
X
k

p2k
m2

� 	
·
›p2k
›pþi

� 	
ð9Þ

Multiplying pþi onto (9), we have

pþi ·
›H

›pþi
¼
X
j

mþvþi ·vþj
›pþj

›pþi

� 	

þ
X
k

mþvþi ·v2k
›p2k
›pþi

� 	
ð10Þ

The ensemble average of (10) is given by the following

relation,

n pþi ·
›H

›pþi


 �
¼ nþ mþvþi ·vþj

›pþj

›pþi

� 	
 �

þ n2 mþvþi ·v2k
›p2k
›pþi

� 	
 �
ð11Þ

The distribution probabilities of ions’ velocities, vþj and

v2k around the ion i having the velocity vþi are equal to

n þ/n and n 2/n, respectively. Therefore

pþi ·
›H

›pþi


 �
¼ ðnþ=nÞmþ vþi ·vþj

D E › pþj

D E
› pþi
� �

0
@

1
A

þ ðn2=nÞmþ vþi ·v2k
� � › p2k

� �
›pþi
� �

 !
ð12Þ

Using (1), we have immediately ð›kp2k l=
›kpþi lÞ¼ 2nþ=n2 and therefore we obtain

pþi ·
›H

›pþi


 �
¼ ðnþ=nÞmþ vþi ·vþj

D E

2 ðnþ=nÞmþ vþi ·v2k
� �

¼ 3kBT ð13Þ

Insertion of (3) and (6) gives the following relation,

2ðcþmþ þ c2m2Þ vþi ·v2k
� �

¼ 3kBT ð14Þ

[ vþi ·v2k
� �

¼ 23kBT=ðc
þmþ þ c2m2Þ

¼ 23kBT=kml ð15Þ
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In a similar way,

p2k ·
›H

›p2k


 �
¼ ðn2=nÞm2 v2k ·v2l

� �

þ ðnþ=nÞm2 vþi ·v2k
� � › pþi

� �
› p2k
� �

 !

¼ 2ðcþmþ þ c2m2Þ vþi ·v2k
� �

¼ 3kBT ð16Þ

and again we have kvþi ·v2k l¼ 23kBT=kml: If we consider a

virtual particle with the mass of kml ¼ ðcþmþþc2m2Þ,

its mean square velocity kvþi ·v2k l¼ ðkvþ2
i v22

k lÞð1=2Þ is equal

to the right hand side of (15). Therefore, (15) is equivalent

to the averaged mean square velocities for cation and anion

having the mass of kml ¼ ðcþmþ þ c2m2Þ:

3. Current–current correlation functions

The Taylor expansion for the velocity correlation function

kvþi ðtÞ·v
þ
j ð0Þl is described as follows [7,8],

vþi ðtÞ·v
þ
j ð0Þ

D E
¼ vþi ð0Þ·v

þ
j ð0Þ

D E

þ ðt 2=2Þ vþi ð0Þ·€v
þ
j ð0Þ

D E

þ ðhigher order over t 4Þ ð17Þ

In order to obtain the coefficient of (t 2/2), we have to

apply the Poisson equation as follows,

pþi · €pþi ¼ 2
Xnþ
j

pþi ·pþj =m
þ

n o

£ ›2V=›rþj ›r
þ
i

� �

2
Xn2
k

pþi ·p2k =m
2

� 


£ ›2V=›r2k ›r
þ
i

� �

ð18Þ

We take ensemble average of (18), then the first term

remains, as,

pþi · €pþi
� �

;2 3kBT £ ð1=3Þ ðnþ2Þ

ð1
0

{ð›2fþþ=›r 2Þ

�

þð2=rÞð›fþþ=›rÞ}gþþðrÞ4pr 2dr

þðn22Þ

ð1
0

{ð›2fþ2=›r 2Þ

�

þð2=rÞð›fþ2=›rÞ}gþ2ðrÞ4pr 2dr

ð19Þ

¼ 2kBT½n
þ2kfþþlþ n22kfþ2l� ð20Þ

In (20), the terms kf þþl and kf þ 2 l in the square

brackets, [ ], are multiplied by the coefficients n þ2 and

n 22, respectively, which represent the square of number

densities of cations and anions around the cation

concerned [9]. The meaning of the coefficient (1/3), see

equation (14) in Ref 3. In (20), the terms kf þþ l and

kf þ 2 l stand for,

kfþþl ¼
ð1

0

{ð›2fþþ=›r 2Þ þ ð2=rÞ

� ð›fþþ=›rÞ}gþþðrÞ·4pr 2dr ð21Þ

kfþ2l ¼
ð1

0

{ð›2fþ2=›r 2Þ þ ð2=rÞ

� ð›fþ2=›rÞ}gþ2ðrÞ·4pr 2dr ð22Þ

Similarly, kpþi · €pþj–il is expressed as,

pþi · €pþj–i

D E
¼ kBTðn

þ2kfþþlÞ ð23Þ

Then, we have

pþi · €pþj

D E
¼ 2kBTðn

22kfþ2lÞ ð24Þ

[ vþi ·€vþj

D E
¼ 2ð3kBTÞðn

22kfþ2l=3mþ2Þ ð25Þ

Therefore, we have

vþi ðtÞ·v
þ
j ð0Þ

D E
¼ vþi ð0Þ·v

þ
j ð0Þ

D E
2 ðt 2=2Þ

£ vþi ð0Þ·€v
þ
j ð0Þ

D E
þ ðhigher orderÞ

ð26Þ

¼ {3kBTðn
2m2=nþmþÞ=kml}

2 ðt 2=2Þ{3kBTðn
22kfþ2l=3mþ2Þ

þ ðhigher orderÞ ð27Þ

Similarly, the cross term is expressed, as,

pþi · €p2k
� �

¼ kBTðn
þn2kfþ2lÞ ð28Þ

[ vþi ·€v2k
� �

¼ ð3kBTðn
þn2kfþ2l=3mþm2Þ ð29Þ

then we have

vþi ðtÞ·v
2
k ð0Þ

� �
¼ vþi ð0Þ·v

2
k ð0Þ

� �
þ ðt 2=2Þ

£ vþi ð0Þ·€v
2
k ð0Þ

� �
þ ðhigher orderÞ

¼ 23kBT=mþ ðt 2=2Þ

£ {3kBTðn
þn2kfþ2l=3mþm2Þ}

þ ðhigher orderÞ

ð30Þ

Similarly,

p2k · €p2l
� �

¼ 2kBTðn
þ2kfþ2lÞ

[ v2k ·€v2l
� �

¼ 2ð3kBTÞðn
þ2kfþ2l=3m22Þ

ð31Þ
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then we have,

v2k ðtÞ·v
2
l ð0Þ

� �
¼ v2k ð0Þ·v

2
l ð0Þ

� �
þ ðt 2=2Þ v2k ð0Þ·€v

2
l ð0Þ

� �
þ ðhigher orderÞ

¼ {3kBTðn
þmþ=n2m2Þ=kml} 2 ðt 2=2Þ

£ {3kBTðn
þ2kfþ2l=3m22Þ} þ ðhigher orderÞ

ð32Þ

On the other hand, the Kubo-Green type representations

for the partial conductivities of cation and anion are given

as follows [1–3],

sþ ¼ ð1=3kBTÞ

ð1
0

kjþðtÞ·jð0Þldt ð33Þ

and

s2 ¼ ð1=3kBTÞ

ð1
0

kj2ðtÞ·jð0Þldt ð34Þ

where j(t) is equal to jðtÞ ¼ jþðtÞ þ j2ðtÞ: Therefore,

whenever we know the microscopic representations of

kjþðtÞ·jþðtÞl; kjþðtÞ·j2ð0Þl and kj2ðtÞ·j2ð0Þl, partial con-

ductivities can be immediately obtained.

Using (26)–(32), and the charge neutrality condition

nþzþ þ n2z2 ¼ 0, current correlation functions

kjþðtÞ·jðtÞl and kj2ðtÞ·jð0Þl are expressed as follows,

k jþðtÞ·jðtÞl¼ kjþðtÞ·jþð0Þlþ kjþðtÞ·j2ð0Þl

¼ ðnþ2zþ2e2=nÞ vþi ðtÞ·v
þ
j ð0Þ

D E
þðnþn2zþz2e2=nÞ vþi ðtÞ·v

2
k ð0Þ

� �
¼ ðnþ2zþ2e2=nÞ vþi ðtÞ·v

þ
j ð0Þ

D E
2 ðnþ2zþ2e2=nÞ vþi ðtÞ·v

2
k ð0Þ

� �
¼ ðnþ2zþ2e2=nÞ ðvþi ðtÞ·v

þ
j ð0Þ

D E
2 vþi ðtÞ·v

2
k ð0Þ

� �
; ðnþ2zþ2e2=nÞZþ

s ðtÞ

ð35Þ

kj2ðtÞ·jð0Þl¼ kj2ðtÞ·jþð0Þlþ kj2ðtÞ·j2ð0Þl

¼ ðnþn2zþz2e2=nÞ vþi ðtÞ·v
2
k ð0Þ

� �
þðn22z22e2=nÞ v2k ðtÞ·v

2
l ð0Þ

� �
¼2ðn22zþz2e2=nÞ vþi ðtÞ·v

2
k ð0Þ

� �
þðn22z22e2=nÞ v2k ðtÞ·v

2
l ð0Þ

� �
¼ ðn22z22e2=nÞ v2i ðtÞ·v

2
j ð0Þ

D E�
2 vþi ðtÞ·v

2
k ð0Þ

� ��
; ðn22z22e2=nÞZ2

s ðtÞ

ð36Þ

Then, the partial conductivities are expressed as,

sþ ¼ ðnþ2zþ2e2=3nkBTÞ

ð1
0

Zþ
s ðtÞdt ð37Þ

and

s2 ¼ ðn22z22e2=3nkBTÞ

ð1
0

Z2
s ðtÞdt ð38Þ

Using (27), (30) and (32), we have,

Zþ
s ðtÞ ¼ vþi ðtÞ·v

þ
j ð0Þ

D E
2 vþi ðtÞ·v

2
k ð0Þ

� �
¼ ð3nkBT=n

þmþÞ{12 ðt 2=2Þnþn2kfþ2l=3m

þðhigherorderÞ} ð39Þ

Z2
s ðtÞ ¼ v2i ðtÞ·v

2
j ð0Þ

D E
2 vþi ðtÞ·v

2
k ð0Þ

� �
¼ ð3nkBT=n

2m2Þ{12 ðt 2=2Þnþn2kfþ2l=3m

þðhigherorderÞ}
ð40Þ

where m is the reduced mass defined as,

ð1=mÞ ¼ ðc2=mþÞþðcþ=m2Þ ¼ kml=mþm2 ð41Þ

[sþ ¼ ðnþzþ2e2=mþÞ

ð1
0

{12 ðt 2=2Þ

�ðnþn2kfþ2l=3mÞþ ðhigherorderÞ}dt ð42Þ

According to the results obtained to this point, the

following equation (43) is valid in the case that

the correlation functions are given in the form

[1-(t 2/2)g þ2 þ (higher order)], as,

1=gþ ¼

ð1
0

{12 ðt 2=2Þgþ2 þðhigherorderÞ}dt ð43Þ

Using (43), (42) is expressed as,

sþ ¼ ðnþzþ2e2Þð1=mþgþÞ ð44Þ

where

gþ ¼ ðnþn2kfþ2l=3mÞ1=2: ð45Þ

Similarly

s2 ¼ ðn2z22e2=m2Þ

ð1
0

{12 ðt 2=2Þ

£ ðnþn2kfþ2l=3mÞ

þ ðhigherorderÞ}dt

ð46Þ

¼ ðn2z22e2Þð1=mþg2Þ ð47Þ

where

g2 ¼ ðnþn2kfþ2l=3mÞ1=2 ð48Þ

Comparing (45) and (48), we have,

gþ ¼g2 ¼ g: ð49Þ

From (44), (47) and (49), we obtain the relation,

sþ=s2 ¼ jzþjm2=jz2jmþ ð50Þ

S. Matsunaga et al.616
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which corresponds to the extension of the relation

sþ=s2 ¼m2=mþ for equivalent binary salts to that of

non-equivalent systems. For example, in the case jzþj¼

jþ1j and jz2j ¼ j22j for molten A1þ
2 Y22 salts, then (50)

is sþ=s2 ¼m2=2mþ:

4. Partial conductivities of molten salts

In this section, we will derive the partial conductivity

coefficients of non-equivalent molten salt from microscopic

point of view based on the generalized Langevin equation.

The starting Langevin equation for either cation A or

anion Y is written as follows [6],

m^ dv^i ðtÞ=dt
� �

¼ 2m^

ðt
0

g^ðt2 t0Þv^i ðt
0Þdt0

þ R^
i ðtÞ þ z^eE ð51Þ

where g ^(t) is the memory function in relation to the

friction force acting on either cation or anion, R^
i ðtÞ is

the stochastic or the random fluctuating force acting on

ion i, and E is the applying external field. Taking the

ensemble average, we have the following Laplace

transformation [6],

vþi ð0Þ·v
þ
j ð0Þ

D E
þ iv ~ZþþðvÞ ¼ ~gþðvÞ ~ZþþðvÞ

ðfor i ¼ j and i – jÞ

ð52Þ

where

~ZþþðvÞ ¼

ð1
0

expðivtÞ vþi ðtÞ·v
þ
j ð0Þ

D E
dt

¼

ð1
0

expðivtÞZ þþðtÞdt ð53Þ

and

~gþðvÞ ¼

ð1
0

expðivtÞgþðtÞdt ð54Þ

Meanwhile, the partial conductivity coefficients are given

by the following formulas,

s ¼ sþ þ s2 ¼ ðsþþ þ sþ2Þ þ ðs2þ þ s22Þ ð55Þ

where conductivity coefficients s þþ , s þ 2 and s 22

are expressed as follows,

sþþ ¼ ð1=3kBTÞ

ð1
0

kjþðtÞ·jþð0Þldt ð56Þ

s22 ¼ ð1=3kBTÞ

ð1
0

kj2ðtÞ·j2ð0Þldt ð57Þ

and

sþ2 ¼ s2þ ¼ ð1=3kBTÞ

ð1
0

kjþðtÞ·j2ð0Þldt ð58Þ

Using (53) and (56), s þþ is written as,

sþþ ¼ ðnþ2zþ2e2=3nkBTÞ

ð1
0

vþi ðtÞ·v
þ
j ð0Þ

D E
dt

¼ ðnþ2zþ2e2=3nkBTÞ

ð1
0

ZþþðtÞdt

¼ ðnþ2zþ2e2=3nkBTÞ ~Z
þþð0Þ ð59Þ

In a similar way, we have

s22 ¼ ðn22z22e2=3nkBTÞ

ð1
0

v2k ðtÞ·v
2
l ð0Þ

� �
dt

¼ ðn22z22e2=3nkBTÞ

ð1
0

Z22ðtÞdt

¼ ðn22z22e2=3nkBTÞ ~Z
22ð0Þ ð60Þ

and

sþ2 ¼ ðnþn2zþz2e2=3nkBTÞ

ð1
0

vþi ðtÞ·v
2
k ð0Þ

� �
dt ð61Þ

The so-called fluctuation dissipation theorem in a molten

salt is given by the following relations, [2,3]

mþ2 vþi ð0Þ·v
þ
j ð0Þ

D E
~gþðvÞ

¼

ð1
0

expðivtÞ Rþ
i ðtÞ·R

þ
j ð0Þ

D E
dt

ðfor i ¼ j and i – jÞ

ð62Þ

m22 v2k ð0Þ·v
2
l ð0Þ

� �
~g2ðvÞ

¼

ð1
0

expðivtÞ R2
k ðtÞ·R

2
l ð0Þ

� �
dt

ðfor k ¼ l and k – lÞ

ð63Þ

Using (3) and (5) in (62) we have,

~gþðvÞ ¼ nþ=ð3n2mkBTÞ

ð1
0

expðivtÞ

� Rþ
i ðtÞ·R

þ
j ð0Þ

D E
dt ð64Þ

Similarly,

~g2ðvÞ ¼ n2=ð3nþmkBTÞ

ð1
0

expðivtÞ

� R2
k ðtÞ·R

2
l ð0Þ

� �
dt ð65Þ

These are equivalent to the monatomic liquid of mass m as

seen in Ref. [6]. If we assume that the correlation function

obeys an exponentially decaying form of common friction
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constant for cation and anion, ~gð0Þ; then we have [2,3],

Rþ
i ðtÞ·R

þ
j ð0Þ

D E
¼ Rþ

i ð0Þ·R
þ
j ð0Þ

D E
exp ð2 ~gð0ÞtÞ

¼ ð3n2mkBT=n
þÞ ~gð0Þ2expð2 ~gð0ÞtÞ

ð66Þ

R2
k ðtÞ·R

2
l ð0Þ

� �
¼ R2

k ð0Þ·R
2
l ð0Þ

� �
exp ð2 ~gð0ÞtÞ

¼ ð3nþmkBT=n
2Þ ~gð0Þ2expð2 ~gð0ÞtÞ

ð67Þ

That is, the memory functions incorporating with the

friction force in the Langevin equations for cation and

anion are the same. In that case, comparing (54), (64) and

(65), g þ(t) and g 2(t) are equal to each other and they are

expressed as,

gþðtÞ ¼ g2ðtÞ ; gðtÞ ¼ ~gð0Þ2expð2 ~gð0ÞtÞ ð68Þ

Similarly, by using (16), the fluctuation dissipation

theorem for kvþi ðtÞ·v
2
k ð0Þl is written as,

mþm2 vþi ð0Þ·v
2
k ð0Þ

� �
~gðvÞ

¼ 2

ð1
0

expðivtÞ Rþ
i ðtÞ·R

2
k ð0Þ

� �
dt ð69Þ

The factor ~gð0Þ2 in (68) is obtained as follows,

~gð0Þ2 ¼ 2 €Z
þþ

ij ð0Þ=Zþþ
ij ð0Þ ¼ 2 €Z

22

ij ð0Þ=Z22
ij ð0Þ ð70Þ

where

€Z
þþ

ij ðtÞ ¼ €vþi ðtÞ·v
þ
j ð0Þ

D E
and €Z

22

ij ðtÞ ¼ €v2k ðtÞ·v
2
l ð0Þ

� �
:

Using (3)–(5), (25) and (31) in (70), we have,

~gð0Þ ¼ V ¼ ða0=3mÞ1=2; ð71Þ

where

a0 ¼ nþn2

ð1
0

{ð›2fþ2=›r2Þ þ ð2=rÞ

� ð›fþ2=›rÞ}gþ2ðrÞ·4pr2dr: ð72Þ

Thus, we have the same result for friction

constant as (45) and (48). Using (52), (54) and (68) in

(59), we have

sþþ ¼ ðnþ2zþ2e2=3nkBTÞkvþi ð0Þ·v
þ
j ð0Þl= ~gð0Þ ð73Þ

Similarly,

s22 ¼ ðn22z22e2=3nkBTÞ v2k ð0Þ·v
2
l ð0Þ

� �
= ~gð0Þ ð74Þ

and

sþ2 ¼ ðnþn2zþz2e2=3nkBTÞ vþi ð0Þ·v
2
k ð0Þ

� �
= ~gð0Þ ð75Þ

As the consequence, using (3)–(5) in above equations, we

have the relations between the partial conductivity

coefficients, as,

sþþ=s22 ¼ jzþj
2
m22=jz2j

2
mþ2 ð76Þ

and

sþþ=sþ2 ¼ sþ2=s22 ¼ jzþjm2=jz2jmþ ð77Þ

equations (76) and (77) correspond to the

extensions of the relation sþþ=s22 ¼ m22=mþ2 and

sþþ=sþ2 ¼ sþ2=s22 ¼ m2=mþ for equivalent binary

salts, respectively [1–3].

The conductivities in non-equicharged molten salts

have been treated by the microscopic theory to this time.

In the following section, we will numerically confirm

above results.

5. Numerical application

In order to confirm the results of the preceding sections,

we perform the molecular dynamics (MD) simulations in

non-equivalent molten binary salts, i.e. CaCl2 and AlF3.

Tosi–Fumi type pair potentials are used in MD, which are

expressed as,

VijðrÞ ¼ zizje
2=r þ Bijexpð2aijrÞ2 Cij=r6 ð78Þ

where parameters zi and zj stand for the charge of ions, and

Bij, aij and Cij have their usual meaning [10]. The used

potential parameters are those of Ping et al. [11] and Inoue

et al. [12] for CaCl2 and AlF3, respectively. The simulations

are carried out with 750 (250 Ca þ500 Cl) ions for CaCl2
and 1000 (250 Al þ 750 F) ions for AlF3. The particles are

prepared in a cubic cell and periodic boundary condition is

used. The Coulomb interaction is calculated by Ewald

method. Initial velocities are allocated with theMaxwellian

distribution at a specific temperature, which is kept

constant using the Nosé method [13] for 3000 time steps in

order that the system will be equilibrated. Then, the

calculation is carried out on NVE constant condition. One

time step Dt ¼ 2:0 £ 10215 s is used in Verlet’s integration

algorithm. The structural properties are obtained as the

average of 2000 time steps. The correlation functions are

obtained by 3000 samplings.

The pair distribution functions are defined as follows:

knabðrÞlDr ¼ 4pr2DrrbgabðrÞ ð79Þ

where nab(r) Dr denotes the number of b-type particles

around an a-type particle between spherical shells of radii

r and r þ Dr. The bracket k l stands for the thermal

average as well as the average over all a-type

particles, and rb is the mean number density of the

b-type particles.

Figures 1 and 2 show the partial pair distribution

functions of molten CaCl2 at 1524 K and AlF3 at 1996 K,

respectively. As seen in figure 1, the obtained partial pair

distribution functions gCaCl(r), gClCl(r) and gCaCa(r)

obtained by MD show the pronounced fist peaks at 2.6,

3.8 and 4.9 Å, respectively. Their features agree well with

experiments [14], though the first peak of gCaCa(r) slightly
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appears at the larger side of r axis. Meanwhile, in figure 2,

the partial pair distribution functions gAlF(r), gFF(r) and

gAlAl(r) obtained by MD have their first peaks at 1.7, 2.5,

3.6 Å, respectively. The corresponding peaks can be seen

in the MD results in Na3AlF6 melt in Ref. [15]. Therefore

it can be concluded that the simulations give the adequate

structural results. These facts prompt us to calculate

correlation functions.

As treated in previous sections, the relations between

velocity correlation functions (3)–(5) have been proved.

Following relations are expected for CaCl2,

vþi ð0Þ·v
2
k ð0Þ

� �
¼ 29kBT=ðm

þ þ 2m2Þ ð80Þ

vþj ð0Þ·v
þ
i ð0Þ

D E
¼2ð2m2=mþÞ vþi ð0Þ·v

2
k ð0Þ

� �
ð81Þ

kv2k ð0Þ·v
2
l ð0Þl ¼ 2ðmþ=2m2Þkvþi ð0Þ·v

2
k ð0Þl ð82Þ

For AlF3,

kvþi ð0Þ·v
2
k ð0Þl ¼ 212kBT=ðm

þ þ 3m2Þ ð83Þ

kvþi ð0Þ·v
þ
j ð0Þl ¼ 2ð3m2=mþÞkvþi ð0Þ·v

2
k ð0Þl ð84Þ

kv2k ð0Þ·v
2
l ð0Þl ¼ 2ðmþ=3m2Þkvþi ð0Þ·v

2
k ð0Þl ð85Þ

To confirm the validity of these relations, we calculate

the velocity correlation functions as the functions of time.

The results are shown in figures 3 and 4. Obviously seen in

these figures, three velocity correlation functions oscillate

with the same phase, and the ratios of absolute value of

them at arbitrary time are in the same ratios at t ¼ 0.

In table 1, the comparison of numerical results of

correlation functions at t ¼ 0 obtained by the theory

and MD are listed, which agree well within less the

error about 4%.

Figure 5 and 6 show the current correlation functions of

molten CaCl2 and AlF3 as functions of t, respectively. The

graphs in figures 5 and 6 are normalized by kj2(0)·j2(0)l.
From these results, the relation between the current

correlation functions are numerically confirmed, as,

jþðtÞ·jþð0Þh i

jþðtÞ·j2ð0Þh i
¼

jþðtÞ·j2ð0Þh i

j2ðtÞ·j2ð0Þh i
¼ jzþjm2=jz2jmþ ð86Þ

The values of the left hand side of equation (86) obtained

by MD are 1.769 and 2.112 for molten CaCl2 and AlF3,

respectively. The results excellently agree with the right

hand side of (86). According to the explanation in Ref. [2],

Figure 1. Partial pair distribution functions of molten CaCl2 at 1524 K.

Figure 2. Partial pair distribution functions of molten AlF3 at 1996 K.

Figure 3. Velocity correlation functions of molten CaCl2 at 1524 K.

Figure 4. Velocity correlation functions of molten AlF3 at 1996 K.
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the correlation functions are the same decaying form with

time. Writing this decaying form as f(t) and using

(56)–(58), we have,

sþþ=sþ2 ¼ kjþð0Þ·jþð0Þl
ð1

0

f ðtÞdt

� �
=

kjþð0Þ·j2ð0Þl
ð1

0

f ðtÞdt

� �

¼ kjþð0Þ·jþð0Þl=kjþð0Þ·j2ð0Þl

¼ jzþjm2=jz2jmþ ð87Þ

sþ2=s22 ¼ kjþð0Þ·j2ð0Þl
ð1

0

f ðtÞdt

� �
=

kj2ð0Þ·j2ð0Þl
ð1

0

f ðtÞdt

� �

¼ kjþð0Þ·j2ð0Þl=kj2ð0Þ·j2ð0Þl

¼ jzþjm2=jz2jmþ ð88Þ

which means we have numerically confirmed the relation

corresponding to (77).

In Ref. [2], we have proved that the partial

conductivities s ^ of equivalent binary salts are only

related to the term kf þ 2 l through the friction g.

As we have discussed in Section 3, the equations (42) and

(46) are the extensions to non-equivalent binary salts.

To confirm these relations, we numerically calculate the

term kf þ 2 l to obtain s ^. kf þ 2 l is defined as,

kfþ2l ¼
ð1

0

{ð›2fþ2=›r2Þ þ ð2=rÞ

� ð›fþ2=›rÞ}gþ2ðrÞ4pr2dr: ð89Þ

For f þ 2 in above integration, the Tosi–Fumi type

pair potential defined as (78) is used. The pair distribution

functions gþ 2 (r) between anions and cations obtained by

MD are used. Consequently, we can obtain s ^ through g.

The numerical results are listed in table 2. For CaCl2,

friction constant and total conductivity, which is defined as

stot ¼ sþ þ s2; agree well with experiment [16]. This

fact may suggest that f þ 2 and gþ 2 (r) in molten CaCl2
reflect the real interaction and configuration properly.

Unfortunately, the experimental conductivity value for

molten AlF3 are not available, though the value of total

conductivity is as the same order as that of molten

fluorides [17].

6. Conclusion

In this paper, we have presented that the partial dc

conductivities of non-equivalent molten salts are

described in terms of the coupling of interionic potentials

and pair distribution functions by the microscopic theory

based on the generalized Langevin equation. The friction

acting to anions and cations has been proved to

be equal. The ratio of partial conductivities, s þ/s2,

Table 1. Comparison with theoretical values and the results of MD of velocity correlation functions at t ¼ 0 for molten CaCl2 and AlF3, which are
shown in the unit of 1026 Å2/s2.

CaCl2 (1524K) AlF3 (1996K)

2 9 kBT/(m þ þ 2m 2) MD 2 12 kBT/(m þ þ 3m 2) MD
kvþi ð0Þ·v

2
k ð0Þl 21.03 21.07 22.37 22.40

2ð2m2=mþÞkvþi ð0Þ·v
2
k ð0Þl MD 2ð3m2=mþÞkvþi ð0Þ·v

2
k ð0Þl MD

kvþj ð0Þ·v
þ
i ð0Þl 1.89 1.82 5.01 5.07

2ðmþ=2m2Þkvþi ð0Þ·v
2
k ð0Þl MD 2ðmþ=3m2Þkvþi ð0Þ·v

2
k ð0Þl MD

kv2k ð0Þ·v
2
l ð0Þl 0.581 0.605 1.12 1.14

Figure 5. Current correlation functions of molten CaCl2 at 1524 K. Figure 6. Current correlation functions of molten AlF3 at 1996 K.
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of non-equivalent molten salts has been expressed by mass

of ions and their charges as jzþjm2=jz2jmþ: This is an

extension formula from the inverse mass ratio

in equivalent molten salts. The ratios of partial

conductivity coefficients also have been proved to be

sþþ=sþ2 ¼ sþ2=s22 ¼ jzþjm2=jz2jmþ:
The numerical values of velocity correlation functions

kvþi ð0Þ·v
2
k ð0Þl at t ¼ 0 obtained by MD have been

confirmed to be equal to 29kBT/(m þ þ 2m 2) and

212kBT/(m þ þ 3m 2) for molten CaCl2 and AlF3,

respectively. Partial conductivities s ^ have also been

obtained through friction coefficient g and kf þ 2 l for

molten CaCl2, AlF3, which are directly calculated by the

Tosi–Fumi type pair potentials and the pair distribution

functions obtained by MD. The numerical results have

confirmed that the ratio of partial conductivities s þ/s 2 is

equal to jzþjm2=jz2jmþ: These numerical results

precisely suggest the consistency of the theory.
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experimental value of stot is estimated from Ref. 16.

CaCl2 at 1524K AlF3 at 1996K

g 6.543 £ 1013 (1/s) 2.814 £ 1014 (1/s)
stot 3.938 [1/V cm] 4.004 [1/V cm]
s þ 2.516 [1/V cm] 2.717 [1/V cm]
s 2 1.422 [1/V cm] 1.286 [1/V cm]
s þ/s 2 1.769 2.112
jz þjm 2/jz 2jm þ 1.769 2.112
stot(exp)(15) 3.93 [1/V cm]
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